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R A N D O M R O J C T O N S OF REGULAR POLYTOP 

K A L Y B R O D M N H 

ABSTRACT. Based on an approach of Affentranger& Schneider we give 
an asymptotic formula for the expected number of fc-faces of the orthog­
onal projection of a regular n-crosspolytope onto a randomly chosen 
isotopic subspace of fixed dimension, as n tends to infinity. In particu­
lar, we present a precise asymptotic formula for the (spherical) volume 
of spherical regular simplices which generalizes Daniel's formula 

1. I N T R T I O N 

Throughout the paper the n-dimensional Euclidean space equipped with 
inner product (•, •) is denoted by Mn. For a polytope P C W1 the set of 
all &-faces is denoted by Tk{P) and its cardinality by fk(P), i-e., fk{P) = 
#^-JV(P). The expected value of &-faces of an orthogonal projection of an 
n-dimensional polytope P onto a randomly chosen d-dimensional linear sub-
space with isotropic distribution is denoted by E(fit(H^P)), 1 < d < n — 1 
0 < k < d — 1. It was proved by Affentranger&Schneider [AS92] that 

(11) E(fk(JLdP)) = 2'£ E E (F,Gh(G,P) 

or equivalently 

(12) E(/fc(ILjP)) = / f c (P) -2E E E (F,GWG,P) 
>o Fe^(P) e?d+1+2a{P) 

where ß(F, G) and 7(G, F) denote the internal and external angle of G at 
its face F, respectively (cf. [Grii67]). By definition the internal or external 
angles are spherical volumes and therefore, in general, it is impossible to 
give an explicit formula of them. However, it was shown by Ruben [Rub60] 
(see also [Had79]) that for a regular n-simplex Tn C En 

7(TT) = y^±i r *+i)*2 (-L -vdyX dx. 
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Using this representat ion A i d r e l i s d t e a m p 
totic formula (cf. [AS92]) 

(13) E(fk{UdT))~^k+^{T\T){\nn)V n -+ o 

This formula still involves the "unknown" internal angles /3(T*,Td_1) 
For k = 0 an asymptotic formula of /3(T°,Td_1), d —> oo, was given by 
Daniel in the context of densest sphere packings (cf. [Rog64]). In Section 2 
we generalize the approach of Daniel and prove (see Corollary 21) 

IT T) = (fc + 1 ) ^ ^ f ^ + o^±^ 
[ j y 2 d ^ f e v ^ v \ d )) 

Beside the regular simplex there are two more regular polytopes in arbitrary 
dimensions, namely the n-cube Wn and the regular n-crosspolytope Cn. It 
is easy to see that for F G Tk(W

n), G £ Ti{Wn) with F C G we have 
l{F,Wn) = (l/2)n" f e and ß{F,G) = ß{F,Wl) = {lj2)l~k. Furthermore 
fk(Wn) = _fe(^) and the number of /faces containing a fixed fc-face is 
equal to "*) . Thus we get by (11) 

sfAOW» = < ) £ G_ T-i-* - 2 Ö ^ W 
In Section 3 we complete the determination of E(fk{JldP)) for regular poly-
topes by proving for the regular n-crosspolytope Cn 

Theorem 1.1. For any given integers 0 < k < d <n — l 

i ( ( T ^ V l T , n ^ ) / E { { T ) ~ - ^ ^ ( T l n 

as n tends to infinity 

Observe that the asymptotic value of the expected number of fc-faces is 
the same for the cross polytope Cn as for Tn in (1.3). At the moment, we 
are not aware of any direct argument leading to this coincidence. We note 
the following consequence of the proof of the estimates: 

Corollary 1.1. For fixed fcGN, d/k —> o and /d —» o then 

VV^(k + i)-
E ( ) ~ E ( ( U ) ~ X M - 3 • Qnn)*? 

{k + l)\d—^~ 

We remark that by a result of Baryshnikov&Vitale, E(fk(HdT
n)) coin­

cides with the expected number of &-faces of a standard Gaussian sample in 
d-space (cf. [BV94]). They prove actually more: Let u 1 , . . . , i>m be vectors 
in W1 with the same positive length such that each (wl,i>J), i / j , equals to 
the same non-positive value. Then the orthogonal projection of a random 
rotation of u 1 , . . . 7v

m onto Md, up to an independent affine transformation 
coincides in distribution with a standard Gaussian sample of m points in 
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Md. If (v\vi) = 0 then the affine transformation can be chosen to be linear 
We deduce choosing m = n that 

Remark . E(fk(Il(iC
n)) coincides with the expected number ofk-faces of a 

standard Gaussian sample of Tb V)Qj\YS X * X ***** X * X of points in M". 

Finally, in Section 4 we give a list of some numerical computations of 
E(fk(ndc

n)) 

2. SPHERICAL VOLUMES OF REGULAR SIMPLICES 

Let Bn, S" _ 1 C W1 be denote the n-dimensional unit ball and n-dimensio-
nal unit sphere, respectively. For a G (0,1) a regular n-cone of angle a is 
defined as the positive hull of n unit vectors a 1 . , a G S~x satisfying 

(a\a)=a, i / j 

It is denoted by a(a>, n) and T (a) = a{a, n) n S is a regular spherical 
{n — l)-simplex of angle a. 

By definition, the internal angle ß(F, G) is the "fraction" of the linear hull 
of G — xF taken up by the cone (positive hull) pos{G — xF}, where x is a 
relative interior point of the face F. Now, it is easy to check that for F = T 
and G = k < d, the cone pos{G — xF} can be written as a direct sum 
of lin{_F — } and a regular (d — fc)-dimensional cone a(l/(k + 2) d — k) of 
angle l/(k 2). Thus 

T± 
(21) ( T T ) = + 

* l { s d 

where Vf (•) denotes the spherical volume w.r.t. Sd~k~1, and the internal 
angle ß(Tk,Tdl) may be regarded as the normalized spherical volume of a 
regular (d — k — l)-simplex of angle l/(fc + 2). In the following we will study 
the asymptotic behavior of the normalized volume of an arbitrary regular 
spherical simplex. To this end, for n G N and a G (0,1) let 

(a,n)= ^ ^ 

The asymptotic behavior (n —> oo) of r(a,n) for the special case a = 1/2 
has been investigated by aniel (see [Rog64]) He proved 

( l / 2 n ) Ti : 

Here we show the generalization 

L e m a 2.1. Let 0 < . If tends to infinity then 
-

n + 0 
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Proof. It is well known that V 1 ^ 1 ) = //r(n/2 + 1), where T() 
denotes the T-function. Hence (cf. [Had79]) 

2 

/ -^dx = ( a , n ) ( S 
J a{a, 

- r (a,n) 

Now let al
7... ,an E Sn 1 such that a(a, n) = posja1,..., an} and let A be 

the n x n-matrix with columns a. Calculating the volume of the simplex 
conv{0, a1,... , an} yields that detA = \/l — a + any/1 — a . Applying 
the linear transformation x = Ay to the integral on the left hand side of 
(22) gives 

= ^ / / ~^Ay 

Vo io 

(l + a ) ( l 

A (Ay, Ay) = £™= - 2a Ei<;<j t h e substitution z = /ay leads 
to 

J (I - a an)(l - a) 
(a,n) = -*-* = 4 r  

(23) 

~ e ^ 1 ^ ? i * d̂  dz 

with Ö = (1 — a) J a. Let <fr(n) be denote the integral on the right hand 
side. In the following we give an asymptotic formula for <&(n) as n tends to 
infinity. To this end we fix an s E M. Since f ~* di = integrating 
along the line t — si, t E (—oo, oo), shows 

We 

$ ( n ) = - ö E I U ^ ^ I U ^ ^ ^ 

J- -t - e d s dt 

Next we observe that the function g(t) = * (J0° e ö +2lts ds)n regarded 
as complex function in the variable t — v %x is an entire function. Since 

- e d S (25F 

for X > 0, the function g{y + ?x) tends to zero as v tends to infinity for any 
fixed X > 0. Thus we may replace the integration J ^ g(t)dt along the real 
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line with respect to by integration along the lin xh v £ ( — 0 0 0 ) 
X = / n / 2 , and get 

(25) 
*(") = -1= 

-v -8 ^ 

^ d s dv 

^fi{2n)n 

Let ^ ( n , v) be denote the expression taken to the nth power (in the paren­
theses) on the right hand side. Integration by parts yields that 

/ • o 

Mn,u) 2X - 6 d s 

1 »"•*& 
in v v for v 

(26) 
/•o 

Jin 
- " * ( n , i / ) d i / < -

Therefore let us assume that \u\ < Inn. By the corresponding formula in 
Rog64] we deduce that , if the real part of w E C is positive then 

- « - » d f l = I 2 * + C 
w wö \\w 

Applying this with w = 2% — 2vi to Vl/(n, i) yields that 

* ( n — + 0 ^ 

26 
+ 0 x - 2 f i ( 2 x - 2 ? ) V 

/2ui 

/ + 0 
( l + 0 ) ( l 

Observe that 3>(n) is a real number, so no term of order \/{n/n) show up 
in its expansion. We conclude by (25) and (26) that 

/2 
$ ( n ) 

fi{2n 
ln 

I - + 0 + 0itf!yi±^)U + 0 l 

+ 0 
A/2(2n)"/ V V 

Finally, the assertion follows by (23) 

By (21) and Lemma 2 1 we conclude 

D 
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Corollary 2.1. 
. d-k-2 d-3k-3 

(T Tu = (k + l ) ^ - ^ _ + 0 
> r- _ d-k-2 T ^ ^ ^ ^ 

. R R O J I O S OF R LY 

In order to proof Theorem 1.1, we need the following statement about th 
the asymptotic behavior of the external angles -y(FkC) of a A:-face of a 
regular n-crosspolytope Cn. 

L e a 3.1. If tends to infinity then 

^ (f l ) ! l n ( n ) ) 
-

Proof. The proof follows a proof of Vershik&Sporyshev VS86] (see also 
Ray70]) and is based on the following formula for j(F C) (cf. [BH92]) 

(31) MF\ C) = ̂ ± 1 j fe+1-j= -ydy dx. 

Let <b{x) = {2//F f£ ~v dy. By the substitution x = $ ( 1 - u) we get 

7 ( ^ ( ) = ^ ^ ( * - 1 - « ( 1 _ u ) d t t . 

Let 

(fc,n) = ^ * ± I ^ - M - « ^ ! - « ) ^ , 

bviously we have 

VkTT 
2) 0 < 

and in the following we investigate the function (fc, n). It is well known 
that $(a:) = 1 - [~x2/(x/H)](l + 0(x-2)) as x (cf. [VS86]) and thus 

« = ^ = ( 1 + 0 ( ) ) « ^ 0 

Taking the logarithm yields 

(33) - ln(«) - ln(ar) - ln(AF) + ln(l + 0{)) 
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and s o i = — ln(it)(l + 0( )) Replacing this expression in (33) gives 

x - \n(u) - - l n ( - ln(u)) - - ln(l + 0{)) - ]n(/i + ln(l + 0()) 

Hence we may write 

(*:,„) = lEEl^ f m u j ^ l - u ^ ^ l + O^))«!«. 
Jo 

bserve that x > (l/2). Applying the substitution 1 — u = ~v yields 

(M)  
l n i 

(1 - " , | - ln(l - - v ( l + 0{))dv. 
J 

Noting that (l-e-
v)k {l 0{v)) and ln(l - -" ] n ( u ) ( l + 

0(v)) as v —> 0 we get 

^{k,n) = E l ± l ^ f l n { v ) \ ( l + Oi))^ + 0(v))dv. 
2 Jo 

The asymptotic behavior of such an integral was explicitly determined by 
Watson (cf. [VS86]) and applying that result gives 

(*;, n) ~ ^ ( n " k)k+1\\n(n - k))k\{l + 0{\n{n)v)) 

(f + l ) ! l n ( n ) ) 

Together with (32) this shows 7 ( C ) ~ (& , n) as n tends to infinity 
D 

Now we are ready for the proof of Theorem 11 

Proof of Theorem 1.1 Let F 6 Tk{Cn) and G 6 Ti{Cn) with F C G. 
Since every Z-face, / < n, of a regular n-crosspolytope is a regular simplex 
we get ß{F,G) = ß{Tk,Tl). Furthermore, we have fk{Cn) = 2fe+1(A.™1 

(cf. [HRZ97]) and the number of /faces containing a fixed A;-face is equal to  
By (11) we get 

£(A(ndc)) = 2 ^ 2 . „ 
d-

(34) s^° 
d - 2 ( T ^ ^ T c 

d b emma 1 obtain for n —> o 

) 
l n ^ ) ) ) / 

-2 -2 
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The number of nonzero summands in the sum does not depend on n a 
since the sum is dominated by the term s = 0 we obtain Theorem 1 1 D 

4. R E M A R K S 

As an easy application of (1.2) we determine the probability that the 
orthogonal projection of Cn onto a randomly chosen (n — l)-dimensional 
plane has 2n vertices. Let this probability be denoted P^n and let v be a 
vertex of Cn By a result of McMullen M c M 5 ] we have the angle-sum 
relation 

J2 (v,F)7(F,C) = 
F is a face of cn 

Since ^(v,C) = l/(2n) this is equivalent to 

(41) (v,C) = ^ - E ( n J ^^WT^ 

and by (1.2) we obtain E{f0{UlC
n)) = 2n( l - ß(v,Cn)). Thus 

(1 - P)(2n - 2) + 2nP = ^ ( n ^ i ) ) = 2n{l - (v, C)) 
( 2 ) ^ l-2n(v,C) 

In particular for n = 3 we have {v,T) = 1/2, ß(v,T2) = arccos(l/2)/(27r) 
and 7 ( T 1 C 3 ) = arccos(l/3)/(27r), j(T2,C3) = 1/2. Hence by (41) we get 

(v, C ) = 1/2 - arccos(l /3)/7 and therefore (cf. (42)) 

l - ( v , C 035095 

The next tables contain some numerical values of E{fk(H(iC
n)) using 

(3.4), (3.1), (24) and (23) . The calculations were carried out by the pro­
gram Maple V Release 4 

d = 2; k = d = 3; k = 0 fc = k = 

1 3 
20 7 62 4262 8 
30 823 8 500 3337 
40 861 20 542 399 
50 889 21 5964 39 
60 912 2304 6312 4208 
70 931 2402 6608 440 
80 9 24 8 5 
90 961 564 7093 72 

100 973 26326 7297 48 

le 1 

19811996 by Waterloo apl Inc 
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10 

d = n 
k = n -

-
-2 

5 5 48 

Table  
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